Four Statically-Determinate Problems

SD-1
]) 3 2
for 0<x<a V(x)zélil(x —3ax )
L —i—)x for asx<L v(x)= 6‘;1 (a" —3a2x)

1. Input

q(x)=Ps(x-a), =P

2. Elastic creep solution

e P
= | — -3 t 0<x<
ve(x) 6EIx(x a) a x<a
——a*(a-3x) at a<x<L
6EI

3. Confirm that M¢(x) = EIv¥"(x) is not a function of E. — OK for correspondence theorem.

4. Representative deflection: X =L (Choose the max deflection location)

x*(x—3a
0. 00= %8 hexea
2
a’(a-3x) at a<x<L
6
a’(a-3L) P
X=L)=——~~, v¢=——a’(a-3L
9,(x=1) 5 5Ei ( )
5. Shape functions
x?(x-3a
f,(x)= # at 0<x<a
a’(a—-3L)
a—3x at a<x<L
a—-3L

6. Generalized creep

\7ve_(’512(&1_3L)JAt J(t_z-)mdz- or vve_M\](t)P

61 0 dr 61
7. Generalized relaxation
N 6l t dv(zr) . 6l N
=P | Y(t-1 dz or §°=P"=—7—""Y(t)V
f az(a—3L)Io (t-7) dr f a’(a-3L) ®
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1. Input
q(x) = Qo> 4= 4o
2. Elastic creep solution

—L(x4 —4Lx3+6L2x2)

ve(X) =
(x) 24El

E q—“,(f —4Lx’ + 6L x’ )
24FE1

3. Confirm that M¢(x) = EIv¥"(x) is not a function of E. — OK for correspondence theorem.

4. Representative deflection: X =L (Choose the max deflection location)

_ 1 4 3 2,2
gv(x)_—ﬂ(x —4Lx” +6L°x )

= L q,L*
X:L =——, \792_0_
9,(x=L) SE]

5. Shape functions
1
f,(X) = —(x* —4Lx’ +6L°%?
0= )
6. Generalized creep

4
qve__L Iﬁ\](t_z-)mdf
8l Jo dr

7. Generalized relaxation

q* =—8| JﬂY(t—r)Mdr or

F dr

L4
"y Ve ___J t
8l Ha,
. 8l
q- = —FY(t)V



SD-3

' - b ‘ for 0<x<a v(x)= P ]‘_a(x‘ ~a(2L-a)x)
| T 6Ll L ‘
¥ T .
‘ I ‘ for asx<L v(x)= 61‘:‘[ L ; a[x' —a(2L—a)x - ]Jfa(x—a) )
1. Input

q(x)=Ps(x-a), =P

2. Elastic creep solution

P L-a, ,
Ve(X)= | — ——(x’—a(2L—-a)x at 0<x<a
0=l ee T (x*-a(2L-a)x)
P L-a x3—a(2L—a)x—L(x—a)3 at a<x<L
6ElI L L—

3. Confirm that M¢(x) = EIv¥"(x) is not a function of E. — OK for correspondence theorem.

4. Representative deflection: X =a (Hard to find max location, choose simplicity)
L - a 3
g9,(x) = 6—L(X ~a(2L-a)x) at 0<x<a

L-a 3_61(2|__¢';1)x_#(x—a)3 at a<x<L
6L L

a?(L-a)’ Pa’(L-a)’
gV(Y:a):——( ) , Ve:——( )
3L 3EIL
5. Shape functions
1
f(X)=|-————(x®*—a(2L-a)x at 0<x<a
ey 2az(L_a)( (2L-a)x)

—ﬁ(xs—a(ﬂ—a)x—%(x—af] at a<x<L
a’(L-a

6. Generalized creep

2 L_ 2 2 L_ 2
v __a7e) ( a) J.t,] (t—r)—dp(r) dr or V* __at7a) (L-2) J()P
3IL dr 3IL
7. Generalized relaxation
~ve ve 3L t dV(T) ~ve ve 3IL ~
=P*=——— | Y(t—-7z)—2%dr or =P*=———— Y)WV
| aZ(L—a)2 J-O’ (t=r) dr | aZ(L—a)2 ®
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Es q

\ z | V(x):—m

(x4 —2Lx* + L}x)

1. Input
q(X) =0,, q =0,

2. Elastic creep solution

e do 4 3 13
vV (X)=-— X" —2Lx° +L°X
() 24EI( )

3. Confirm that M¢(x) = EIv¥"(x) is not a function of E. — OK for correspondence theorem.

4. Representative deflection: X =L/2 (Choose the max deflection location)

1
g,(x) = _ﬂ(XA —2Lx% + L3x)

5. Shape functions

_ 16 4 3 3
fv(x)—m(x —2LX +Lx)

6. Generalized creep

. 5L* dag, (7) s 5L
g = — I (t—7) %) 4 L
384II0’ (t-r)=g,~dr or aga) > V%

7. Generalized relaxation

. 3841 v(7) . 384]
4 =- =L J:Y(t—r) dr or §"°=- =L

Y (t)7

T



Four Statically-Indeterminate Problems

%

L |

1. Input

q(x) =Ps(x-a),

2. Elastic creep solution

P X —3ax’ — 2
6EI

i a®—3a*x—
6EI

el

q=P

Vi (x)

a

3. Confirm that M;(x)=Elv

4. Representative deflection: X =a

for 0<x<a

for asx< L

’(3L-a)

M( -3Lx )} at 0<x<a
21

213

( —3Lx? )} at a<x<L

(x) isnot a function of £. — OK for correspondence theorem.

(Hard to find max location, choose simplicity)

|1 s , a’(3L-a)
g,(x) = E[x —3ax T( 3Lx) at 0<x<a
2 f—
1 a3—3a2x—a(3—|'3a)(x3—3Lx2) at a<x<L
6 2L
= a’(L-a)(4L-a . Pa’(L-a)4L-a
o (koo SL-BL-a) . Pa(L-a)dL-a)
121 12EIL
5. Shape functions
3 2 _
f,(X)=|-— 2L x3—3ax2—a(3;3a)(x3—3Lx2) at 0<x<a
a’(L-a)(4L-a) 2L
21°

" a%(L-a)(4L-a)
6. Generalized creep

Ve

_a’(L-a)(4L-a)
- 121°

[ o

7. Generalized relaxation

e
a’(L-a)(4L-a)

ve

O

J,Y

[as—Bazx %( —3Lx? )} at a<x<L

dP(r) SR :_a3(|_—a)(431|_—a) J0P
1211
(t—r)mdr or §“°= 121l Y (t)V

dr “a*(L-a)(4L-a)
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1. Input
q(X) =0o» q =0,

2. Elastic creep solution

e o 4 3 2,2
V' (X) =———(2Xx" =5Lx" +3L"X
) 48EI( )

v(x)= %o (2x4—5Lx3+3L2x3)

3. Confirm that M¢(x) = EIv¥"(x) is not a function of E. — OK for correspondence theorem.

4. Representative deflection: X =L/2 (simplicity)

_ 1 4 3 2,2
gv(x)_—4—8(2x —5Lx° +3L°x )

X=—)=———, = —
9.( 2 192 192EI
5. Shape functions
f, () =%(2x4 —5Lx° +3L2x2)

6. Generalized creep

4
Ve = L JﬂJ(t—r)Mdr or V*=

1921 Yo dr
7. Generalized relaxation
~ve 192] t dv(z) ~ve
G =— L4 J.OfY(t—r) i dr or §°=

- J(t
Toor Y 0%

1921

L4

Y ()7



3 2 _ 207 _
for 0sx<a v(x)= ! |:x'1—3ax: 4 (3‘;;] Za)(xl—ﬂhrz)—}ﬂ (}j ﬂ)_\':}

for asx<L  v(x)= P’l[u?‘_BHZ'Y_M(F_BLI‘)_ME}

1. Input

q(x)=Ps(x-a), =P

2. Elastic creep solution

2 _ 2 _
VE(X) = | —| X —3ax2—a(3|'—3Za)(x3—3Lx2)—LL2a)x2 at 0<x<a
6EI L L
2 f—
P 1o _3a7x— M( -3Lx* ) - wxz at a<x<L
6El L L

3. Confirm that M¢(x) = EIv¥"(x) is not a function of E. — OK for correspondence theorem.

4. Representative deflection: X =a (Hard to find max location, choose simplicity)

2 —
g,(x) = Ll sa M( -3Lx*)- sa’(L-a) . at 0<x<a
' 6 L
2 j—
%[a"‘—i&az w( -3Lx* ) - WXZ} at a<x<L
_ a’(L—a)’ . Pa’(L-a)’
X=a)=——+"—, V="
6.(x=a) 3 3EI
5. Shape functions
3 201 —
f,(X)=|-———= L | x* —3ax’ — a’@BL-2a) 2a)( —3Lx ) sa(l-a) (Lz a)X2
2a°(L-a) L L
3 2 _ 201 _
——— L . a®—3a2x— 2 \0-7<8) (3L3 2a)(x3—3Lx2)——3a (L2 3) 2
2a°(L-a) L L
6. Generalized creep
31 a)\3
PR (. T POu; o g Ty
3IL 3IL
7. Generalized relaxation
3 ] 3
" =————— SIL 3JIY(t—r)—dV(T)dT or G =-—"-"—" SIL -Y (t)V
a’(L—a) dr a’(L-a)
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1. Input
q(X) =0,, q =0,

2. Elastic creep solution

e 9o 4 3, 1242
Vi(X)=— X" =2LX" + L°x
() 24El ( )
3. Confirm that M¢(x) = EIv¥"(x) is not a function of E. — OK for correspondence theorem.
4. Representative deflection: X =L/2 (Choose the max deflection location)

B 1 4 3 22
gv(x)_—ﬂ(x —2Lx° +L°x )

5. Shape functions

_16 4 3 2,2
fv(x)—F(x —2Lx" +L°x )

6. Generalized creep

) T dg, () . K
g = — 3 (t—7) %% 4 L T
3841 Ji 2 (t=7) ar = aga; > V%

7. Generalized relaxation

e 3841 dv(z) e 3841
4" =-=1 [ Y(t-7) G dr or GF=-=EEY (Y




Special Statically-indeterminate Problems with Springs

General Approach

e

EEEREEE R
Kix

. |

4
Ve(X) = L N VTR TV +L(X3 —3Lx2)
24EI 2(3El +KL)

1. Confirm that M$(x) = EIv®"(x) is not a function of E.

— FALSE due to the red term
— Cannot apply the correspondence theorem directly.

— Use superposition principle from the start in order to apply correspondence theorem

— All SIK problems should be solved by the superposition method.
2. Use superposition method
— Obtain superposed elastic solutions: V;(X), Vg(X), ...
— Obtain superposed representative values: X must be at compatiblity condition
9ya(¥)s Gus (s | 0,4, 95(X)sn | VR, Vg
— Obtain superposed shape functions: f, ,(x), f z(X), ...
— Therefore,
Elastic: V*(X) =Va(X)+Va(X)+... =V f, J()+VE T, s (X) +...
Viscoelastic: V*(X) =V, (X)+V, (X)+... =V () +Vf, o (X) +...

— Determine general creep: V', Vg, ...

Among these, there must be a superposed RL which is unknown.

0 » . e - e | o R
— Compatibility condition: v*(X) =V, f, ,(X)+V'f, o (X)+...=V +V +...= —?L

This is a very complex integral equation for Ry.

— Use Laplace Transformation and obtain an R_(S) equation with J(s)

— When we know the exact model, we can determine Ry(?).



SIK-1
Superposition method (A: SD-2, B: SD-1 with a = L and P =—RL)
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1. Input

qA(X)qu’ qA:qo
qB(X):_RL5(X_L)' qB:_RL

2. Elastic creep solutions

Vi (X) Z—%(X“ —4Lx3+6L2x2)

Vg (X) = x*(x-3L)
3. Representative deflection: X =L (Choose the location for compatiblity condition)
1 4 3 2,2 L4 e qOL4
X)=——(X"—4Lx*+6L°x"), X=L)=——, Vy=—7T—
gv,A( ) 24( ) gv A( ) 8 A 8E|
1, L® . RUL
X)=—Xx"(x-3L), X=L)=——, Vi=—t
9,500 =3 (x-3L) 0.,5(X=L)=-=, H=25

4. Shape functions
f,a(X) = (x —4LX° + 6L )
f,s(X)= ——Lx ?(x-3L)

5. Generalized creep

4
gr=_ L tJ(t—r)Md

A 8l Jo d

g dRT( ) Re is still unknown!!
Uy =+—| J(t-7)——=~ r d

3II (t=7) dr

6. Compatibility condition: v(L)=-R_ /K for both elastic/viscoelastic cases

L* ¢t
= J(t=-
81 7o (

7. Laplace Transformation

dg, () dR() _R
(8 g, Ly (o Bl B

(SJ (s) + 3'L jR (s)——sJ ()3, (5)

10



SIK-2
Superposition method (A: SD-1, B: SD-1 with a = L and P =—-RL)

>
==

— +

=

[l

L i I

t~
.
B

1. Input

da(x)=P3(x-L), Gs=P | gg(x)=-R.5(x-L), Gy =-R,

2. Elastic creep solutions

Vi (X) = ixz(x—Ba) at 0<x<a | vi(x)=

SEl x*(x-3L)

—a’(a—-3x) at a<x<L
6El

3. Representative deflection: X =L (Choose the location for compatiblity condition)
g, 4(X) = %xz (x-3a) at 0<x<a | g,5(x) :%x2 (x-3L)

~a’(a—3x) at a<x<L

= a’(a—-3L) _. Pa*(a-3L)
X = L =), V, =—4mM =
gv,A( ) 6 A 6E|
L R L3
X=L)=—— Ve =—t
ng( ) 3 B 3E|

4. Shape functions (self-derivation)

5. Generalized creep

A

e a(a-3L) pt dP(z) e Lot dR, (7)
\" _—J-O’J(t_T)TdT | —3—J.07J(t—f)?df

6. Compatibility condition: v(L)=-R /K for both elastic/viscoelastic cases

= j‘ I(t-r7)

dR, (7) dr =_&
dr

a’(a— 3L)J- B dP(r)d

dr

7. Laplace Transformation

LLL"")sJ (s)P(s)

[sJ(s)+ 3l jR (s) =

11




SIK-3
Superposition method (A: SD-4 with L=2L, B: SD-3 with a = L, L=2L and P =—-R1)

A B
¥ o y qo ¥ Ry
R O o o o O ; |
— E 3
-~ —>|——] —» 2L 2L

1. Input
qA(X)qu’ qA:qO | qB(X):_RLé‘(X_L)’ 0s =—R_

2. Elastic creep solutions
e d, 4 3 3
Vo(X) =————( X" —4Lx"+8L°x
A0 24EI( )

_—RL(X3—3L2X) at 0<x<L
12EI
_RL

12El

Vg (X) =
(x3 —3L%x - 2(x- L)3) at L<x<2L
3. Representative deflection: X =L (Choose the location for compatiblity condition)

B 1 4 3 3
gv'A(x)_—a(x —4Lx° +8L x)

1 3 2
X)=|—(Xx"—3L% at 0<x<L
i(x3—3L2x—2(x—|_)3) at L<x<2l
12
_ 5L 5q,L* _ Lt . RL
X:L =——, Ve:—L X:L =——, Ve: L
gAR=L)=-"r G=-T0 | ,(R=b)=-1 G="c

4. Shape functions (self-derivation)

5. Generalized creep

e SLY dg, () e Lt dR, (z)
Va :_24| J.OiJ(t—T)(;)—TdT | Vg :aIO’J(t_T)dL—z-dT

6. Compatibility condition: v(L)=-R_ /K for both elastic/viscoelastic cases

5L da, (7) L2 dR, (7) R
- RC IS Rl GNP A WA L AR G2 A
24|Io* (=)=, T+6IJ.0’ (t=) =g, 9r=-%

7. Laplace Transformation

- ol \= 50 - _
[sJ (5)+ Ej R9)= T8

12



SIK-4

Superposition method

A: SD-3 with @ =L/2 and L=2L
B: SD-3 witha =L, L=2L and P=-Rp
C: SD-3 with ¢ =3L/2 and L=2L

y L P P I
B n
3 &
— ] —
A B ! C
V L P ¥ RL ¥y
'—%\' + '—?r +
| 21 | | 21 |
1. Input
wor-pa(xt). a0
qB(x):—RLé(x—L), G; =R,
qc(x)=P6[x—%j, G, =P
2. Elastic creep solutions
P L
VE(X)= | ——(4x3—T7x at 0<x<—
2 () 32EI( ) 2
3
P 4x3—7x—E x—L at LSXSZL
32El 3 2 2
e _RL 3 2
Vo (X) = xX* —3LX at 0<x<L
(%) 12EI( )
R, (x3—3L2x—2(x—L)3) at L<x<2L
12El
P 3L
Ve (X) = | ——(4x® —15x at 0<x<=—
c(X) 96EI( ) 2
3
L 4x° -15x—16 x—i at £<XSZL
6El 2 2

13
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3. Representative deflection: X =L (Choose the location for compatiblity condition)

111° 11PL°
X=L)=- , Va=-—
Gual¥=b1=""g5 * 96EI
L R L
7 = L =——, \79 = L
gv,B( ) 6 B 6E|
111° 11PL°
Y = L = — y \78 = —
GuelX=L)=""g5 ©  96EI
4. Shape functions (self-derivation)
5. Generalized creep
N 111° ¢t dP(z)
V' =- J(t- d
Sy U
. L2 et drR, (7)
V' =—| J(t—-7)——=d
° 6l ( ) dr
- 111° dP(7)
Ve =— J(t—-7)—=d
S =g b IR g e

6. Compatibility condition: v(L)=-R /K for both elastic/viscoelastic cases

11L (
481

B )dqo (T) _I _ dR (T) R
7. Laplace Transformation

(SJ (s)+ GII_ jR (s)_—sJ (s)P(s)

14



